A rotational fluid model which can be used to describe broad vortical flows ranging from large scale to the atmospheric mesoscale and the oceanic submesoscale is studied by the symmetry group theory. After introducing one scalar-, two vector-, and two tensor potentials, we find that the Lie symmetries of the extended system include many arbitrary functions of z and {z, t}. The obtained Lie symmetries are used to find some types of exact solutions. One of exact solutions can be used to qualitatively describe the three-dimensional structure of hurricanes.
Introduction
Symmetry study is one of the effective methods to study complicated nonlinear problems. Though the Lie symmetry group method have been quite perfectly studied and some excellent books has been published 1 , there still exist many important problems to be studied. For instance, to find group invariant solutions related to the generalized symmetries and nonlocal symmetries is still a very difficult topic. We know that for integrable systems there are infinitely many generalized symmetries 1-6 and nonlocal symmetries. The finite transformation symmetry group of the Lie symmetries may be obtained via Lie's first theorem. For many types of the nonlocal symmetries, the finite transformations can also be obtained by using Lie's first theorem; say, the Darboux transformations DT are just the finite transformation form of the nonlocal symmetries obtained from DT. This fact implies that some types of generalized symmetries and nonlocal symmetries can be localized to closed Lie symmetry algebra such that the Lie's first principle can be successfully applied. In this paper, we study a special type of nonlocal symmetries, potential symmetries of a It is known that the quasi-geostrophic equations for a Boussinesq fluid in a uniformly rotating and stably stratified environment, which is an idealization for various phenomena in either atmosphere or ocean. In this paper, we consider the following rotating stratified fluid model 10 where f is the Coriolis parameter, p is the pressure perturbation divided by a mean density ρ 0 , ρ is the density perturbation scaled by ρ 0 /g, u and v are horizontal velocities, and w is the vertical velocity. It should be mentioned that the consistent condition of 1.2 and 1.3 , p xy p yx , is just the Euler equation for an ideal incompressible two-dimensional fluid. Some authors have studied the symmetry structure of the two-dimensional Euler equations 12-14 . In section 2, the Lie symmetries of the original model 1.1 -1.5 are directly written down because it can be obtained by means of some known methods. Section 3 is devoted to discuss special types of generalized symmetries of the system 1.1 -1.5 which are only Lie symmetries for the subsystem 1.1 -1.3 . In section 4, to find more symmetries and symmetry groups we discuss the potential symmetries which are Lie symmetries for an enlarged system. In section 5, the full symmetry group related to the Lie symmetries of the enlarged system is directly written down. The section 6 is devoted to find some new exact solutions which display abundant vortex structure and some of them qualitatively display some three-dimensional structure of hurricanes. The final section is a short summary and discussion. which means the model system is form invariant under the transformation
The Lie Symmetries of the System
with infinitesimal . The Lie symmetries of 1.1 -1.5 have the form 
where a i , i 1, . . . , 5, and c 1 are arbitrary constants while a 7 , a 8 , and a 9 are arbitrary functions of t.
It should be pointed out that the time scaling 2.17 is linked with the time-dependent rotation. This property may hint us that we should uncover more symmetries of the model.
The Lie Symmetries of the Subsystem
From 1.1 -1.3 , we know that the fields u, v, and p constitute a closed subsystem. Whence u, v, and p are fixed, the density ρ and the vertical velocity w can be simply obtained from 1.4 and 1.5 , respectively, via differentiations.
Therefore, in this section we study the Lie symmetries of the subsystem 1.1 -1.3 which is a solution of 2.2 -2.4 with the solution form
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where a i , i 1, . . . , 5, are arbitrary functions of z and a 7 , a 8 and a 9 are arbitrary functions of {z, t}. It is clear that the Lie symmetries of the last section are just the special case of 3.2 for a 1 , a 2 , a 3 , a 5 being arbitrary constants, a 4 and a 9 being linear functions of z, and a 7 and a 8 being only functions of t.
Because of the entrance of arbitrary functions, the Lie symmetries 3.1 of the subsystem 1.1 -1.3 become the generalized symmetries for the full system 1.1 -1.5 . The generalized symmetries of 1.1 -1.5 are expressed by 2.8 with 3.2 and 
3.3
In addition to the symmetries 2.8 with 3.3 are not point symmetries, the time scaling invariance related to a 2 a 2 z V a 2 
is still companied by the time-dependent rotation. 
Finite Transformation Group of the System 1.1 -1.5 Related to Lie Symmetries of the Enlarged System
To find the finite transformation group of the system 1.1 -1.5 related to the Lie symmetry algebra V, we have to solve the initial valued problem 
. . . ,
5.2
with 
where 4 , α 5 } and α 6 are arbitrary functions of z while {α 7 , α 8 , α 9 } and α 10 are arbitrary functions of {z, t}.
To prove the theorem, one can solve the initial problem 5.1 or directly substitute 5.3 to 1.1 -1.3 and 4.1 . Actually, it is more straightforward to verify that the infinitesimal form of 5.3 is just the linear combination of the generators given in the last section by taking
with the infinitesimal parameter .
Exact Solutions and Applications
To find some types of new exact solutions via the finite symmetry group theorem of the last section, we should find some simple exact seed solutions at first. Fortunately, it is not difficult to verify that the model 1.1 -1.5 possesses the following known trivial solution: 
The different selections of the arbitrary functions appeared in the exact solution 6.2 may lead to various vortex and circumfluence structures. It was demonstrated that the vortex and circumfluence solutions could be applied to tropical cyclones. A concrete application of a two-dimensional vortex solution to Hurricane Katrina 2005 was discussed in 16 . Similar to the two dimensional case, solution 6.2 displays some interesting phenomena. The first part, u ∼ −α 6 y, v ∼ α 6 x and the F R, α 4 parts of the solution exhibit abundant vortex structure. {x α 7 , y α 8 } is expressed as the center of the vortices while the second part {u ∼ −α 8t sin θ α 7t cos θ, v ∼ α 7t sin θ α 8t cos θ} of the solution shows us that the induced flow the background wind is related to the moving of the vortex center. This fact can be used to predict regular cyclone's track 16 . In order to find possible three-dimensional structure of the cyclones, one has to fix the arbitrary functions. Here we just take a special form of 6.2 ,
with only two arbitrary functions F R 1 , z and α 10 z, t to qualitatively display the threedimensional vortex structure.
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For the sake of capturing the known features of cyclone's structure, we here assume the arbitrary functions to be a more special form such that Figure 1 c that around the high z 0.1, the atmospheric flow turns from cyclone to anticyclone, which is one of the typical characters of a cyclone. It means that the energy moves inside at the lower layer and then radiates at the higher. Besides, the cyclone center and radius can be easily distinguished in the profiles of the velocity field.
The corresponding three-dimensional structure is depicted in Figure 2 . In order to make it more clear how the atmosphere flows to form a cyclone, one can solve a simple system of equations coming from the relations
Since it is difficult to obtain an analytical solution of system 6.9 , we solve it numerically with the initial conditions x 0 z 0 0 and y 0 2. It is obviously revealed from the line depicted in Figure 2 that typhoon has a spiral pattern. The air close to the ground spirals upward and anticlockwise and then changes its rotation direction when approaching a higher altitude, which is consistent with the real observations. One can see a much closer comparison of our analytical results with a recent high-resolution hurricane simulation picture Figure 3 using the WRF-ARW 15 . 
Summary and Discussions
The symmetries of the rotational fluid model 1.1 -1.5 are studied in three ways. Firstly, we directly study the Lie symmetries of the full system 1.1 -1.5 for the fields {u, v, p, ρ, w}. The result shows us that the Lie symmetries do not contain arbitrary functions of z and the time scaling is companied by a time-dependent rotation. Secondly, the Lie symmetries of the subsystem 1.1 -1.3 for the fields {u, v, p} exhibit eight arbitrary functions with five of them being arbitrary functions of z and others being arbitrary functions of {z, t} while the time scaling invariance is still companied by a time-dependent rotation. Though these symmetries are the Lie symmetries for the subsystem {u, v, p}, they are generalized symmetries for the full system {u, v, p, ρ, w}. Finally, we enlarged the original system to an enlarged one which contains the stream function, four-dimensional vector forms v and f shown by 4.2 and the 4 × 4 symmetric tensors ψ ij and p ij shown by 4.3 . For the enlarged system, the Lie symmetries display much abundant structure which possesses six arbitrary functions of z and four arbitrary functions of {z, t}. It is shown that because of the entrance of the stream function, the time scaling invariance and time-dependent rotation invariance become independent potential symmetries which are nonlocal symmetries for the original system {u, v, p, ρ, w} though they are local Lie symmetries for the enlarged system. The corresponding finite symmetry transformation group related to both the generalized local symmetries and nonlocal symmetries for the subsystem {u, v, p} are obtained because the symmetries are only Lie symmetries for the enlarged system. The finite symmetry transformation group can be used to find quite general solutions from simple ones. Especially a known trivial solution is transformed to produce a quite general vortex solution. A special form of the obtained vortex solution is used to qualitatively display the three-dimensional structure of cyclones.
All results of the paper in fact are based on the fact that system 1.1 -1.5 is degenerate in certain sense. Namely, subsystem 1.1 -1.3 involves the independent variable z as a parameter. It is obvious that any local i.e., generalized 1 symmetry of subsystem 1.1 -1.3 can be extended to a local symmetry of the entire system 1.1 -1.5 using 1.4 and 1.5 and the standard prolongation procedure. The same assertion is true for finite symmetry transformations and potential symmetry associated with the stream function as a potential. Similarly, any solution of subsystem 1.1 -1.3 can be extended to a solution of the entire system 1.1 -1.5 using 1.4 and 1.5 for defining ρ and w. Moreover, the equation for the stream function coincides with the classical vorticity equation for an ideal incompressible fluid. Subsystem 1.1 -1.3 is reduced to the two-dimensional Euler equations via simple transformation of the pressure involving the stream function. This is why the simplest algorithm for finding exact solutions system 1.1 -1.5 is the following. Take any solution of the vorticity equation assuming that all constant and functional parameters additionally depend on the variable z. Then find the corresponding values of u, v, p, ρ, and w using 4.1 and 1.2 -1.5 respectively.
